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Abstract
The 23 Niemeier lattices are constructed by Construction A4. Explicit generator matrices and
symmetrized weight enumerators for the relevant codes are given. c© 1999 Elsevier Science
B.V. All rights reserved.
1. Introduction
In [1] the Leech lattice was constructed from a self-dual code over the ring Z4 of
the integers modulo 4. This raised a question whether other even unimodular lattices
in dimension 24 could be constructed in that way. There are 23 such lattices as per
Niemeier’s classication [14]. The main result of this article is to show that all of the 23
Niemeier lattices can be constructed in that way and to give explicit generator matrices
and symmetrized weight enumerators for the relevant self-dual codes. Therefore not
only the Leech lattice but also the Niemeier lattices can be constructed from codes
over Z4 in that way. Note that recently Montague [13] has constructed the Niemeier
lattices from ternary self-dual codes. However the Leech lattice cannot be constructed
by his construction. As a by-product, we also show that all even unimodular lattices
in dimension at most 24 and also the extremal unimodular lattices can be constructed
in that way.
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The paper is organized as follows. Section 2 contains the preliminaries on uni-
modular lattices, codes over Z4 and Construction A4. Section 3 gives a theoretical
non-constructive argument showing why the main result should be expected. Section 4
is devoted to the 13 Niemeier lattices that can be characterized by their kissing numbers
only. Section 5 contains self-dual codes which determine the 10 remaining lattices. Sec-
tion 6 collects the symmetrized weight enumerators of the relevant codes constructed
in Sections 4 and 5. Section 7 explores some related results.
2. Niemeier lattices, self-dual codes over Z4 and Construction A4
2.1. Niemeier lattices
Let Rn be an n-dimensional Euclidean space with the inner product xy=x1y1+x2y2+
  +xnyn for x=(x1; x2; : : : ; xn) and (y1; y2; : : : ; yn). An n-dimensional lattice  in Rn is
a free Z-module spanned by n linearly independent vectors v1; : : : ; vn. An n by n matrix
whose rows are the vectors v1; : : : ; vn is called a generator matrix G of . Two lattices 
and 0 are isomorphic if there is an orthogonal matrix M with 0=M=fxM j x2g.
The dual lattice  is given by  = fx2Rn j x  a2Z for all a2g. A lattice  is
integral if . An integral lattice with = is called unimodular. The minimum
norm of  is the smallest norm among all nonzero vectors of . The vectors of norm





The rst non-trivial coecient of the theta series is the kissing number of , which
equals the number of the minimum norm vectors in .
If the norm x  x is an even integer for all x2, then  is said to be even. It is
known that n-dimensional even unimodular lattices exist if and only if n  0 (mod 8).
There exists a unique 8-dimensional even unimodular lattice, which is called the Gosset
lattice E8 or the root lattice of type E8, and there exist two 16-dimensional even
unimodular lattices, namely E8 + E8 and D+16 (cf. [18]). Niemeier [14] classied the
24-dimensional even unimodular lattices. There exist 24 such lattices, one of which has
the minimum norm 4 and is called the Leech lattice. We say that all the 24-dimensional
even unimodular lattices with minimum norm 2 (that is, those except the Leech lattice)
are Niemeier lattices.
2.2. Self-dual codes over Z4 and Construction A4
A code C of length n over Z4 is an additive subgroup of Zn4 where Z4 is the ring of
the integers modulo 4. A generator matrix of C is a matrix whose rows generate C. An
element of C is called a codeword of C. The Euclidean weights of the elements 0; 1; 2
and 3 of Z4 are 0; 1; 4 and 1, respectively and the Euclidean weight of a codeword is
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the rational sum of the Euclidean weights of its components. The minimum Euclidean
weight dE of C is the smallest Euclidean weight among all non-zero codewords of C.
For x = (x1; : : : ; xn) and y = (y1; : : : ; yn) in Zn4, we dene the inner product of x
and y in Zn4 by x  y = x1y1 +    + xnyn. The dual code C? of C is dened as
C? = fx2Zn4 j x  y = 0 for all y2Cg. C is self-dual if C = C?.
The symmetrized weight enumerator (s.w.e.) of a code C over Z4 is given by




where ni(c) is the number of components of c2C that are equal to i.
Type II codes over Z4 were rst dened in [2] as self-dual codes containing the
all-ones vector and with the property that all Euclidean weights are divisible by eight.
However, even if a Type II code does not contain the all-ones vector, the lattice
constructed from such a code is even unimodular (see Theorem 2.1). In this paper, we
say that self-dual codes with the property that all Euclidean weights are divisible by
eight are Type II. Self-dual codes which are not Type II are called Type I.
Applying Construction A to self-dual codes over Z4, we have the following con-
struction which is called Construction A4.
Theorem 2.1 (Bonnecaze, Sole and Calderbank [1]). Let C be a self-dual code of




fx2Zn j x  c (mod 4) for some c2Cg;
is an n-dimensional unimodular lattice. The minimum norm of A4(C) is minf4; dE=4g
and we have
A4(C)(q
4) = sweC(4Z(q); 4Z+1(q); 4Z+2(q)):
Moreover; if C is Type II then the lattice A4(C) is even unimodular.
3. An existence proof
We give a non-explicit general argument showing why all the 23 Niemeier lattices
arise from Construction A4. We bear in mind the following well-known fact.
Theorem 3.1. An n-dimensional lattice L is A4(C) for some Z4-code C i there is a
system of n vectors wi 2L; i = 1; : : : ; n such that wi  wj = 4i; j for all i; j = 1; : : : ; n.
Proof. The existence of the said system is equivalent to the existence of a sublattice
L0 of L equivalent to 2Zn. This amounts to
2L= C + 4Zn:
The code C is obtained as L=L0, which can be done algorithmically by using the Smith
reduction algorithm described in [5, Theorem 2:4:13].
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We will need the following important result from [9].
Theorem 3.2 (Dong, Li, Mason and Norton [9]). Up to equivalence; every Niemeier




We are now in a position to state and prove the main result of this section.
Theorem 3.3. Every Niemeier lattice L is A4(C) for some Type II code C.
Proof. Dualizing the inequality of Theorem 3.2 we see that, L and 24 being
unimodular,
L0 224:
By considering a pair of orthogonal roots in L it is easy to see that L contains a vector
of norm 4; and therefore L0 contains a vector of norm 8, say v: From these two facts
we infer that L0 contains the coset v+ 224 of 224 in 24: But coset representatives
of this quotient are given in [8, Chapter 10, Theorem 28]. We know that such a coset
must contain a coordinate frame in the sense of [8, Chapter 10], that is, 24 pairwise
orthogonal vectors vi of norm 8: Letting wi := vi=
p
2 we see that these vectors constitute
a basis needed for applying Theorem 3.1.
4. Construction I
Table 16:1 in [8] contains informations on the Niemeier lattices, for example the
kissing numbers. In this paper, we label them as in the table by the root system of
vectors of norm 2. Note that 13 of all the Niemeier lattices are uniquely distinguished
by the kissing numbers. In this section, we give Type II codes which determine such
lattices by Construction A4. The symmetrized weight enumerators of the codes are
given in Section 6.
4.1. Methods
Here we give the methods used to nd the desired Type II codes.
 D24:
The lattice D+n is dened as
Dn [ (Dn + (1=2; : : : ; 1=2));
where Dn is the checkerboard lattice, that is
Dn = f(x1; : : : ; xn)2Zn j x1 +   + xn: eveng:
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K4m is a self-dual code of length 4m introduced by Klemm [12] with generator
matrix 0
BBBBB@
1 1 1    1 1
0 2 0    0 2











This generator matrix directly gives the following lemma.
Lemma 4.1. The lattice A4(K4m) is D+4m.





1 1 1    1 1
0 2 0    0 2







0 0 0    2 2




is a generator matrix of A4(K4m). It is not hard to see that the matrix generates the
lattice D+4m.
Since the symmetrized weight enumerator for K4m was given in [7], we do not give
the generator matrix and the symmetrized weight enumerator in Sections 3 and 5.
 A241 :
Wolfmann [16,17] obtained a new construction of the binary Golay code, by reducing
a Reed{Solomon (RS) code over F8 with a trace orthogonal basis (TOB) that is a
basis orthonormal with respect to the inner product
x  y :=Tr(xy):
As an example, a way to obtain a Type II Z4-code of length 24 is to take the
binary image of (‘demultiplier’ in the sense of [16]) the extended lifted Reed{
Solomon code over F8 by a convenient TOB. Consider the extended RS code over
F8 = F2[] and lift it over R64 :=Z4[], where  and  are respectively a primitive
root of h2 = x3 + x+1 and h4 = x3 + 2x2 + x+3 such that    (mod 2). The lifted
RS code is generated by g= x3 + x2(32 + 3+1)+ x(32 + 2+2)+32 + +1.
When extended, it becomes a code of length 8 and dimension 4 over R64. Then we
use the following TOB to take its Z4-image:
u= 3 + 24; v= 6 + 2; w = 5 + 22:
We thus obtain a Type II code of length 24 and the Euclidean minimum weight 8,
which is not the lifted Golay code. This means that lifting the code before or after
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the reduction gives two dierents Type II codes and then by Construction A4 two
dierent lattices: one is the Leech lattice and the other one is A241 .
 D212; A15D9; D38; A38; A27D25; A46; A83; A64; A122 :
Theorem 4.2 (Harada [11]). Let C be a Type II code of length 8n with generator
matrix of the form (I; A) where ai is the ith row of A. Let   be a set consisting of
 columns of A where 0664n. Let t= (t1; : : : ; t4n) be a (1; 0)-vector where ti =1 if
i2  and ti = 0 otherwise. Let A  be a matrix which has the ith row
a0i = ai + 2t if jjai + 2tjj  7 (mod 8);
a0i = ai + 2t + 2j otherwise;
where j is the all-one vector and jjxjj denotes the Euclidean weight of x. Then the
matrix G = (I; A ) generates a Type II code C .
Starting from one existing Type II code, one can generate a number of Type II codes,
hence increasing the chance that some of them have dierent symmetrized weight
enumerators. For example, a double circulant Type II code of length 24 in [4] leads







6. Any generator matrix of a code of type 4
12 can be transformed
into a generator matrix of the form (I; A). The codes corresponding to A64 and A
12
2 are
also constructed from a transformed generator matrix of the above code corresponding
to A241 .
 A24:
Let (1; : : : ; 25) be the canonical basis of A24 in dimension 25. A Coxeter basis of
the lattice A24 is given by the vectors (f1; : : : ; f24) with fi = i − i+1. The lattice
A24 is not unimodular since its determinant is equal to 25, we add a glue vector r,
as described in [8], to obtain a unimodular lattice L, which contains A24 with the
index 5. We choose the glue vector r so that the unimodular lattice L has basis
(f1; : : : ; f23; r).
In order to apply Theorem 3.1 we need a basis (e1; : : : ; e24) of L satisfying
ei  ej = 4ij for any 16i; j624. We rst naturally choose the 12 vectors
e1 = f1 + f3, e2 = f1 − f3; : : : ; e11 = f21 + f23, e12 = f21 − f23, which verify
ei  ej = 4ij for any 16i; j612.
Now, let us dene E=he1; : : : ; e12i, the vector space spanned by the roots e1; : : : ; e12.
We then have to nd the 12 other vectors in L1 = E? \ L. We rst search for a
basis of L1 from which we deduce a basis for L1. Since L is unimodular, we have:
L1 =PE?(L), with PE?(L), the orthogonal projection of L on E
?. Generators of L1
are given by (PE?(e2); : : : ; PE?(e22); PE?(r)), since PE?(ei) = 0 for i  1 (mod 2).
In order to simplify computation, we then apply the LLL-algorithm to the set of
generators to obtain an LLL-reduced basis B=(bi)16i612 of L1 . An expression of a
basis of L1 in B is deduced from the matrix G−1, with G the Gram matrix of L1 . We
are now able to compute, from this complete description of generator vectors of L1,
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the 256 minimal vectors of norm 4 of L1, using the PARI system. We then extract
from these minimal vectors, 12 vectors (e13; : : : ; e24) which satisfy ei  ej = 4ij.
The 24 vectors (ei)16i624 satisfy ei ej=4ij. The last operation consists in writing
the basis of L in the basis (ei)16i624, which leads to a generator matrix of a Type
II code C, which is a code of type 41024 described in the end of the section. We
have A4(C) = L, which corresponds to the lattice A24.
 A212:
By the classication of the Niemeier lattices, we can easily verify the following
lemma.
Lemma 4.3. Let L1; L2 be some Niemeier lattices; and R1; R2 be the sets of roots of








6 ; A11D7E6; A
2
12;
A15D9; A17E7; D10E27 ; A24; D16E8; E
3
8 ; D24:
Then we have R1 = R2 and thus L1 is isomorphic to L2.
Let C be a self-dual code of length 24 with the generator matrix G(A212) given
below, and R be the set of the roots of A4(C). Then R contains the following vectors;
a1 = (0; 2; 2; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0);
a2 = (0; 0; 2;−2; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0);
a3 = (0; 2;−2; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0);
a4 = (1; 1;−3;−3; 1; 1; 1; 1; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0);
a5 = (0; 0; 0; 0; 0; 2; 2; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0);
a6 = (0; 0; 0; 0; 0; 0; 2;−2; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0);
a7 = (0; 0; 0; 0; 0; 2;−2; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0);
a8 = (0; 0; 0; 0; 1; 1;−1;−1; 1; 1; 1; 1; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0);
a9 = (0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 2; 2; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0);
a10 = (0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 2;−2; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0);
a11 = (0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 2;−2; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0);
a12 = (1; 0; 0; 0;−1; 0; 0; 0; 0;−1; 1; 1; 1; 0; 0; 0; 1; 0; 0; 0; 1; 0; 0; 0);
b1 = (1; 0; 0; 0;−1; 0; 0; 0; 1; 0; 0; 0; 0;−1; 1; 1;−1; 0; 0; 0;−1; 0; 0; 0);
b2 = (0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 2; 2; 0; 0; 0; 0; 0; 0; 0; 0; 0);
b3 = (0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 2;−2; 0; 0; 0; 0; 0; 0; 0; 0);
b4 = (0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 2;−2; 0; 0; 0; 0; 0; 0; 0; 0; 0);
b5 = (0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0;−1; 1; 1; 1; 1;−1; 1; 1; 0; 0; 0; 0);
b6 = (0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 2; 2; 0; 0; 0; 0; 0);
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b7 = (0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 2;−2; 0; 0; 0; 0);
b8 = (0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 2;−2; 0; 0; 0; 0; 0);
b9 = (0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0;−1; 1; 1; 1; 1;−1; 1; 1);
b10 = (0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 2; 2; 0);
b11 = (0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 2;−2);
b12 = (0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 2;−2; 0):
Clearly the sublattice spanned by these vectors is isomorphic to the root lattice of type




In this subsection, the generator matrices of the codes constructed in Section 4.1

































































































































































































































In this section, we give Type II codes which determine the remaining lattices.
5.1. Methods
 E38 ; D16E8:
There are four inequivalent Type II codes of length 8 (cf. [7]). Any Type II codes
of length 8 determine the Gosset lattice E8 (cf. [1]). Thus the direct sum of three
codes of them is a Type II code of length 24 which then determines the lattice E38 .
Similarly by Lemma 4.1 the direct sum of any Type II code of length 8 and K16 is a
Type II code of length 24 which determines the lattice D16E8. For these lattices, the
generator matrices and the symmetrized weight enumerators of the relevant codes
are not given, since one can easily obtain them from those of Type II codes of
length 8 given in [7].
 A17E7; D10E27 ; A11D7E6; A29D6:
The method is similar to the case A24. It seems too dicult to nd 24 vectors of
the lattice L, thus we begin by rst searching a set of r obvious vectors (ei)16i6r
of the lattice L satisfying the condition ei  ej =4ij, with r as large as possible. We
then consider the lattice L1 =E? \ L, with E= he1; : : : ; eri the vector space spanned
by the ei. Since L is unimodular, we have L1 = PE?(L) where P stands for the
orthogonal projection. We then deduce basis for L1 and for L1. Since L1 is a lattice
of smaller dimension, it is not dicult to nd with the PARI system the remaining
24− r vectors (ei)r+16i624.
 E46 ; D46; A45D4; D64:







and D64. First it is not dicult to nd a code C0 such that A4(C0) contains a
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sublattice isomorphic to the root lattice of type X . Next, if C0 is not self-dual, we
take a self-dual code C containing C0. Of course C is not uniquely determined.
If X = E46 (resp. A
4
5D4), the isomorphism A4(C)=E46 (resp. A45D4) is deduced
from Lemma 4.3.
If X = D46 (resp. D
6
4), we cannot apply Lemma 4.3. In fact, for example, the




4. Hence we have to choose
the code C so that the number of the roots of A4(C) is equal to that of the root
lattice of type D46 (resp. D
6
4). Our choice of C is given in the next subsection. Then
the above condition is veried by using Theorem 2.1.
5.2. Generator matrices






















































































































































































6. Symmetrized weight enumerators
In this section, we give the symmetrized weight enumerators for the codes in
Sections 4 and 5. We denote the code makes the lattice L by C(L).
sweC(A212) = 19584X
2Y 8Z14 + 1204224X 2Y 16Z6 + 307776X 4Y 8Z12
+ 3010560X 4Y 16Z4 + 1341312X 6Y 8Z10 + 240Y 8Z16 + 43008Y 16Z8
+ 18X 2Z22 + 270X 4Z20 + 4266X 6Z18 + 23295X 8Z16
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+43008X 8Y 16 + 60228X 10Z14 + 85988X 12Z12 + 60228X 14Z10
+ 23295X 16Z8 + 240X 16Y 8 + 4266X 18Z6 + 270X 20Z4 + 18X 22Z2
+Z24 + 262144Y 24 + X 24 + 1204224X 6Y 16Z2 + 2167200X 8Y 8Z8
+ 1341312X 10Y 8Z6 + 307776X 12Y 8Z4 + 19584X 14Y 8Z2
+ 30720XY 12Z11 + 563200X 3Y 12Z9 + 2027520X 5Y 12Z7
+ 2027520X 7Y 12Z5 + 563200X 9Y 12Z3 + 30720X 11Y 12Z;
sweC(D212) = Z
24 + 528Y 8Z16 + 24288Y 16Z8 + 4096Y 24 + 61824XY 12Z11
+7920X 2Y 8Z14 + 680064X 2Y 16Z6 + 1133440X 3Y 12Z9
+ 184800X 4Y 8Z12 + 1700160X 4Y 16Z4 + 4080384X 5Y 12Z7
+ 735504X 6Y 8Z10 + 680064X 6Y 16Z2 + 4080384X 7Y 12Z5
+ 759X 8Z16 + 1251360X 8Y 8Z8 + 24288X 8Y 16 + 1133440X 9Y 12Z3
+ 735504X 10Y 8Z6 + 61824X 11Y 12Z +2576X 12Z12 + 184800X 12Y 8Z4
+ 7920X 14Y 8Z2 + 759X 16Z8 + 528X 16Y 8 + X 24;
sweC(A241 ) = 11760X
2Y 8Z14 + 171360X 4Y 8Z12 + 1700160X 4Y 16Z4
+ 762384X 6Y 8Z10 + 48Y 8Z16 + 24288Y 16Z8 + 759X 8Z16
+ 24288X 8Y 16 + 2576X 12Z12 + 759X 16Z8 + 48X 16Y 8 + Z24
+ 4096Y 24 + X 24 + 1217760X 8Y 8Z8 + 762384X 10Y 8Z6
+ 171360X 12Y 8Z4 + 11760X 14Y 8Z2 + 680064X 2Y 16Z6
+ 61824XY 12Z11 + 4080384X 5Y 12Z7 + 680064X 6Y 16Z2
+ 4080384X 7Y 12Z5 + 1133440X 9Y 12Z3 + 61824X 11Y 12Z
+1133440X 3Y 12Z9;
sweC(A38) = Z
24 + 216Y 8Z16 + 24288Y 16Z8 + 4096Y 24 + 61824XY 12Z11
+ 10416X 2Y 8Z14 + 680064X 2Y 16Z6 + 1133440X 3Y 12Z9
+ 176064X 4Y 8Z12 + 1700160X 4Y 16Z4 + 4080384X 5Y 12Z7
+ 752976X 6Y 8Z10 + 680064X 6Y 16Z2 + 4080384X 7Y 12Z5
+ 759X 8Z16 + 1229520X 8Y 8Z8 + 24288X 8Y 16 + 1133440X 9Y 12Z3
+ 752976X 10Y 8Z6 + 61824X 11Y 12Z + 2576X 12Z12 + 176064X 12Y 8Z4
+ 10416X 14Y 8Z2 + 759X 16Z8 + 216X 16Y 8 + X 24;
sweC(A27D25) = Z
24 + 192Y 8Z16 + 24288Y 16Z8 + 4096Y 24 + 61824XY 12Z11
+ 10608X 2Y 8Z14 + 680064X 2Y 16Z6 + 1133440X 3Y 12Z9
+ 175392X 4Y 8Z12 + 1700160X 4Y 16Z4 + 4080384X 5Y 12Z7
+ 754320X 6Y 8Z10 + 680064X 6Y 16Z2 + 4080384X 7Y 12Z5
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+759X 8Z16 + 1227840X 8Y 8Z8 + 24288X 8Y 16 + 1133440X 9Y 12Z3
+ 754320X 10Y 8Z6 + 61824X 11Y 12Z + 2576X 12Z12
+ 175392X 12Y 8Z4 + 10608X 14Y 8Z2 + 759X 16Z8 + 192X 16Y 8 +X 24;
sweC(A46) = Z
24 + 168Y 8Z16 + 24288Y 16Z8 + 4096Y 24 + 61824XY 12Z11
+ 10800X 2Y 8Z14 + 680064X 2Y 16Z6 + 1133440X 3Y 12Z9
+ 174720X 4Y 8Z12 + 1700160X 4Y 16Z4 + 4080384X 5Y 12Z7
+ 755664X 6Y 8Z10 + 680064X 6Y 16Z2 + 4080384X 7Y 12Z5 + 759X 8Z16
+ 1226160X 8Y 8Z8 + 24288X 8Y 16 + 1133440X 9Y 12Z3
+ 755664X 10Y 8Z6 + 61824X 11Y 12Z + 2576X 12Z12 + 174720X 12Y 8Z4
+ 10800X 14Y 8Z2 + 759X 16Z8 + 168X 16Y 8 + X 24;
sweC(D38) = Z
24 + 32Y 8Z16 + 11520Y 16Z8 + 4096Y 24 + 152XY 4Z19
+ 41728XY 12Z11 + 86016XY 20Z3 + 22272X 2Y 8Z14 + 559104X 2Y 16Z6
+ 280X 3Y 4Z17 + 1322752X 3Y 12Z9 + 86016X 3Y 20Z
+42X 4Z20 + 107136X 4Y 8Z12 + 1279488X 4Y 16Z4 + 7072X 5Y 4Z15
+ 4427264X 5Y 12Z7 + 580864X 6Y 8Z10 + 559104X 6Y 16Z2
+ 18592X 7Y 4Z13 + 4427264X 7Y 12Z5 + 591X 8Z16 + 1000128X 8Y 8Z8
+ 11520X 8Y 16+59920X 9Y 4Z11+1322752X 9Y 12Z3+580864X 10Y 8Z6
+ 59920X 11Y 4Z9 + 41728X 11Y 12Z + 2828X 12Z12 + 107136X 12Y 8Z4
+18592X 13Y 4Z7 + 22272X 14Y 8Z2 + 7072X 15Y 4Z5 + 591X 16Z8
+32X 16Y 8 + 280X 17Y 4Z3 + 152X 19Y 4Z + 42X 20Z4 + X 24;
sweC(A64) = Z
24 + 120Y 8Z16 + 24288Y 16Z8 + 4096Y 24 + 61824XY 12Z11
+11184X 2Y 8Z14 + 680064X 2Y 16Z6 + 1133440X 3Y 12Z9
+ 173376X 4Y 8Z12 + 1700160X 4Y 16Z4 + 4080384X 5Y 12Z7
+ 758352X 6Y 8Z10 + 680064X 6Y 16Z2 + 4080384X 7Y 12Z5 + 759X 8Z16
+ 1222800X 8Y 8Z8 + 24288X 8Y 16 + 1133440X 9Y 12Z3
+ 758352X 10Y 8Z6 + 61824X 11Y 12Z + 2576X 12Z12 + 173376X 12Y 8Z4
+ 11184X 14Y 8Z2 + 759X 16Z8 + 120X 16Y 8 + X 24;
sweC(A122 ) = Z
24 + 96Y 8Z16 + 24288Y 16Z8 + 4096Y 24 + 61824XY 12Z11
+ 11376X 2Y 8Z14 + 680064X 2Y 16Z6 + 1133440X 3Y 12Z9
+ 172704X 4Y 8Z12 + 1700160X 4Y 16Z4 + 4080384X 5Y 12Z7
+ 759696X 6Y 8Z10 + 680064X 6Y 16Z2 + 4080384X 7Y 12Z5 + 759X 8Z16
+ 1221120X 8Y 8Z8 + 24288X 8Y 16 + 1133440X 9Y 12Z3
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+759696X 10Y 8Z6 + 61824X 11Y 12Z +2576X 12Z12 + 172704X 12Y 8Z4
+ 11376X 14Y 8Z2 + 759X 16Z8 + 96X 16Y 8 + X 24;
sweC(A15D9) = Z
24 + 256Y 8Z16 + 11264Y 16Z8 + 4096Y 24 + 64XY 4Z19
+ 64640XY 12Z11 + 86016XY 20Z3 + 9024X 2Y 8Z14
+ 560128X 2Y 16Z6 + 928X 3Y 4Z17 + 1254016X 3Y 12Z9
+ 86016X 3Y 20Z + 42X 4Z20 + 136320X 4Y 8Z12 + 1277952X 4Y 16Z4
+ 5280X 5Y 4Z15 + 4473088X 5Y 12Z7 + 579776X 6Y 8Z10
+ 560128X 6Y 16Z2+20960X 7Y 4Z13+4473088X 7Y 12Z5+591X 8Z16
+ 969984X 8Y 8Z8 + 11264X 8Y 16 + 58784X 9Y 4Z11
+ 1254016X 9Y 12Z3 + 579776X 10Y 8Z6 + 58784X 11Y 4Z9
+ 64640X 11Y 12Z + 2828X 12Z12+136320X 12Y 8Z4+20960X 13Y 4Z7
+ 9024X 14Y 8Z2 + 5280X 15Y 4Z5 + 591X 16Z8 + 256X 16Y 8
+ 928X 17Y 4Z3 + 64X 19Y 4Z + 42X 20Z4 + X 24;
sweC(A83) = Z
24 + 96Y 8Z16 + 23616Y 16Z8 + 4096Y 24 + 62784XY 12Z11
+ 12288XY 20Z3 + 10944X 2Y 8Z14 + 658176X 2Y 16Z6
+ 48X 3Y 4Z17 + 1148992X 3Y 12Z9 + 12288X 3Y 20Z + 6X 4Z20
+ 167424X 4Y 8Z12 + 1646976X 4Y 16Z4 + 720X 5Y 4Z15
+ 4137600X 5Y 12Z7 + 735552X 6Y 8Z10 + 658176X 6Y 16Z2
+ 3696X 7Y 4Z13 + 4137600X 7Y 12Z5 + 735X 8Z16 + 1182528X 8Y 8Z8
+ 23616X 8Y 16 + 7824X 9Y 4Z11 + 1148992X 9Y 12Z3
+ 735552X 10Y 8Z6 + 7824X 11Y 4Z9 + 62784X 11Y 12Z + 2612X 12Z12
+ 167424X 12Y 8Z4 + 3696X 13Y 4Z7 + 10944X 14Y 8Z2 + 720X 15Y 4Z5
+ 735X 16Z8 + 96X 16Y 8 + 48X 17Y 4Z3 + 6X 20Z4 + X 24;
sweC(A24) = Z
24 + 488Y 8Z16 + 28288Y 16Z8 + 16384Y 24 + 30XY 4Z19
+ 79232XY 12Z11 + 163840XY 20Z3 + X 2Z22 + 31488X 2Y 8Z14
+ 886272X 2Y 16Z6 + 1486X 3Y 4Z17 + 1084160X 3Y 12Z9
+ 163840X 3Y 20Z + 96X 4Z20 + 268512X 4Y 8Z12
+ 1965312X 4Y 16Z4 + 13720X 5Y 4Z15 + 3095296X 5Y 12Z7
+ 141X 6Z18 + 906816X 6Y 8Z10 + 858624X 6Y 16Z2
+ 51128X 7Y 4Z13 + 3102208X 7Y 12Z5 + 2519X 8Z16
+ 1370480X 8Y 8Z8 + 46208X 8Y 16 + 97252X 9Y 4Z11
+ 1076096X 9Y 12Z3 + 1395X 10Z14 + 901248X 10Y 8Z6
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+97776X 11Y 4Z9 + 82688X 11Y 12Z + 8114X 12Z12
+ 275056X 12Y 8Z4 + 51320X 13Y 4Z7 + 1413X 14Z10
+ 29616X 14Y 8Z2 + 13432X 15Y 4Z5 + 2471X 16Z8
+ 1000X 16Y 8 + 1502X 17Y 4Z3 + 174X 18Z6
+ 34X 19Y 4Z + 50X 20Z4 + 8X 22Z2 + X 24;
sweC(D46) = 60X
2Z22 + 2706X 4Z20 + 33484X 6Z18 + 184239X 8Z16
+ 489720X 10Z14 + 676732X 12Z12 + 489720X 14Z10 + 184239X 16Z8
+ 33484X 18Z6 + 2706X 20Z4 + 60X 22Z2 + Z24 + 2097152Y 24
+ 73728XY 12Z11 + 1351680X 3Y 12Z9 + 4866048X 5Y 12Z7
+ 4866048X 7Y 12Z5 + 1351680X 9Y 12Z3 + 73728X 11Y 12Z + X 24;
sweC(D64) = 36X
2Z22 + 546X 4Z20 + 8596X 6Z18 + 46191X 8Z16 + 121416X 10Z14
+ 170716X 12Z12 + 121416X 14Z10 + 46191X 16Z8 + 8596X 18Z6
+ 546X 20Z4 + 36X 22Z2 + Z24 + 524288Y 24 + X 24 + 430080X 4Y 8Z12
+ 30720X 2Y 8Z14+61440Y 16Z8+430080X 12Y 8Z4+1935360X 10Y 8Z6
+ 3072000X 8Y 8Z8+30720X 14Y 8Z2+61440X 8Y 16+1935360X 6Y 8Z10
+ 1720320X 2Y 16Z6 + 4300800X 4Y 16Z4 + 1720320X 6Y 16Z2;
sweC(A45D4) = 16X
2Z22 + 666X 4Z20 + 8336X 6Z18 + 46351X 8Z16 + 121696X 10Z14
+ 170156X 12Z12 + 121696X 14Z10 + 46351X 16Z8 + 8336X 18Z6
+ 666X 20Z4 + 16X 22Z2 + Z24 + 80Y 8Z16 + 4055040X 7Y 12Z5
+ 61440XY 12Z11 + 1126400X 9Y 12Z3 + 61440X 11Y 12Z
+524288Y 24 + 20480Y 16Z8 + X 24 + 20480X 8Y 16 + 80X 16Y 8
+ 9600X 2Y 8Z14 + 573440X 2Y 16Z6 + 145600X 4Y 8Z12
+ 1433600X 4Y 16Z4 + 640640X 6Y 8Z10 + 573440X 6Y 16Z2
+ 1029600X 8Y 8Z8 + 640640X 10Y 8Z6 + 145600X 12Y 8Z4
+ 9600X 14Y 8Z2 + 1126400X 3Y 12Z9 + 4055040X 5Y 12Z7;
sweC(E46 ) = 40X
2Z22 + 1290X 4Z20 + 16840X 6Z18 + 244240X 10Z14
+ 339276X 12Z12 + 244240X 14Z10 + 92239X 16Z8 + 16840X 18Z6
+ 1290X 20Z4 + 40X 22Z2 + Z24 + 128Y 8Z16
+ 15360X 14Y 8Z2 + 232960X 12Y 8Z4 + 1647360X 8Y 8Z8
+ 1025024X 10Y 8Z6+1048576Y 24+32768Y 16Z8+X 24+32768X 8Y 16
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+128X 16Y 8 + 15360X 2Y 8Z14 + 917504X 2Y 16Z6 + 232960X 4Y 8Z12
+2293760X 4Y 16Z4+1025024X 6Y 8Z10+917504X 6Y 16Z2+92239X 8Z16
+675840X 9Y 12Z3+36864X 11Y 12Z+2433024X 7Y 12Z5+36864XY 12Z11
+ 675840X 3Y 12Z9 + 2433024X 5Y 12Z7;
sweC(A29D6) = 40XY
4Z19 + 29472XY 12Z11 + 103424XY 20Z3 + 7X 2Z22
+ 12920X 2Y 8Z14 + 731904X 2Y 16Z6 + 1712X 3Y 4Z17
+ 937632X 3Y 12Z9 + 175104X 3Y 20Z + 143X 4Z20 + 238312X 4Y 8Z12
+ 2051328X 4Y 16Z4+13184X 5Y 4Z15+3346880X 5Y 12Z7+85X 6Z18
+ 957240X 6Y 8Z10 + 881152X 6Y 16Z2 + 49968X 7Y 4Z13
+ 3288064X 7Y 12Z5 + 1245X 8Z16 + 1462824X 8Y 8Z8 + 25088X 8Y 16
+ 108704X 9Y 4Z11+950816X 9Y 12Z3+406X 10Z14+928488X 10Y 8Z6
+ 108720X 11Y 4Z9+57184X 11Y 12Z+4390X 12Z12+228088X 12Y 8Z4
+ 49258X 13Y 4Z7 + 442X 14Z1017080X 14Y 8Z2 + 12502X 15Y 4Z5
+ 1340X 16Z8 + 136X 16Y 8 + 1718X 17Y 4Z3 + 87X 18Z6 + 66X 19Y 4Z
+54X 20Z4 + 8X 22Z2 + X 24;
sweC(D10E27 ) = 64Z
24 + 768Y 8Z16 + 65536Y 16Z8 + 32768Y 24
+ 1720XY 4Z19 + 94016XY 12Z11 + 520192XY 20Z3 + 13X 2Z22
+ 59952X 2Y 8Z14 + 986112X 2Y 16Z6 + 12856X 3Y 4Z17
+ 837568X 3Y 12Z9 + 462848X 3Y 20Z + 1419X 4Z20
+ 325040X 4Y 8Z12 + 2011136X 4Y 16Z4 + 58320X 5Y 4Z15
+ 2273664X 5Y 12Z7 + 355X 6Z18 + 984688X 6Y 8Z10
+ 1080320X 6Y 16Z2 + 143248X 7Y 4Z13 + 2282624X 7Y 12Z5
+ 4293X 8Z16 + 1429744X 8Y 8Z8 + 18432X 8Y 16 + 273220X 9Y 4Z11
+ 849728X 9Y 12Z3 + 3214X 10Z14 + 972176X 10Y 8Z6
+ 279268X 11Y 4Z9 + 84928X 11Y 12Z + 13332X 12Z12
+ 330256X 12Y 8Z4 + 144280X 13Y 4Z7 + 3334X 14Z10
+ 58832X 14Y 8Z2 + 54080X 15Y 4Z5 + 6077X 16Z8 + 80X 16Y 8
+ 15052X 17Y 4Z3 + 484X 18Z6 + 996X 19Y 4Z + 162X 20Z4
+ 20X 22Z2 + X 24;
sweC(A17E7) = Z
24 + 256Y 8Z16 + 27904Y 16Z8 + 16384Y 24
+ 102XY 4Z19 + 66624XY 12Z11 + 233472XY 20Z3 + 4X 2Z22
+ 43288X 2Y 8Z14 + 995328X 2Y 16Z6 + 3478X 3Y 4Z17
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+890432X 3Y 12Z9 + 258048X 3Y 20Z + 258X 4Z20 + 307160X 4Y 8Z12
+ 2147328X 4Y 16Z4 + 23672X 5Y 4Z15 + 2745472X 5Y 12Z7
+ 180X 6Z18 + 991928X 6Y 8Z10 + 963584X 6Y 16Z2 + 75736X 7Y 4Z13
+ 2749056X 7Y 12Z5 + 2799X 8Z16 + 1491448X 8Y 8Z8 + 43776X 8Y 16
+ 143508X 9Y 4Z11 + 884544X 9Y 12Z3 + 1352X 10Z14
+ 993736X 10Y 8Z6+142564X 11Y 4Z9+69440X 11Y 12Z + 7220X 12Z12
+ 307976X 12Y 8Z4+74652X 13Y 4Z7+1362X 14Z10+41064X 14Y 8Z2
+ 23836X 15Y 4Z5 + 2847X 16Z8 + 1064X 16Y 8 + 3826X 17Y 4Z3
+ 222X 18Z6 + 146X 19Y 4Z + 126X 20Z4
+ 12X 22Z2 + X 24;
sweC(A11D7E6) = Z
24 + 136Y 8Z16 + 28416Y 16Z8 + 16384Y 24
+ 68XY 4Z19 + 62464XY 12Z11 + 245760XY 20Z3 + 4X 2Z22
+ 32632X 2Y 8Z14 + 977920X 2Y 16Z6 + 2804X 3Y 4Z17
+ 949376X 3Y 12Z9+245760X 3Y 20Z+258X 4Z20+312008X 4Y 8Z12
+ 2176000X 4Y 16Z4 + 19104X 5Y 4Z15 + 2686976X 5Y 12Z7
+ 180X 6Z18+1004152X 6Y 8Z10+956416X 6Y 16Z2+77632X 7Y 4Z13
+ 2702592X 7Y 12Z5 + 2799X 8Z16 + 1477848X 8Y 8Z8
+ 39168X 8Y 16 + 146952X 9Y 4Z11 + 933888X 9Y 12Z3
+ 1352X 10Z14 + 1009960X 10Y 8Z6 + 145692X 11Y 4Z9
+ 70272X 11Y 12Z + 7220X 12Z12 + 307544X 12Y 8Z4
+ 76594X 13Y 4Z7 + 1362X 14Z10 + 33000X 14Y 8Z2
+ 19610X 15Y 4Z5 + 2847X 16Z8 + 640X 16Y 8 + 3018X 17Y 4Z3
+ 222X 18Z6 + 46X 19Y 4Z + 126X 20Z4 + 12X 22Z2 + X 24:
7. Related results
7.1. All even unimodular lattices in small dimensions
By Theorem 2.1, every Type II code of length 8 determines the unique even uni-
modular lattice E8. In fact, the four inequivalent Type II codes determine such a lattice.
Moreover the direct sum of two Type II codes of length 8 is a Type II code of length
16 and the code determines the lattice E8 +E8. By Lemma 4.1, the lattice D+16 is con-
structed from the Type II code K16. Thus there are Type II codes corresponding to the
two 16-dimensional lattices. Every Type II code of length 24 with minimum Euclidean
weight dE = 16 determines the Leech lattice. Several Type II codes with dE = 16 are
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known (cf., e.g. [1,11]). In this paper, we found Type II codes corresponding to the
Niemeier lattices. Therefore we have the following:
Corollary 7.1. All the n-dimensional even unimodular lattices can be constructed from
Type II codes over Z4 by Theorem 2:1 for n624.
7.2. All the extremal unimodular lattices
Here we consider Z4-code construction of all the extremal unimodular lattices.
It is known that if  is an n-dimensional unimodular lattice, then the minimum norm
 is bounded by
6[n=8] + 1:
If equality holds in the above equation, then the lattice is called extremal. Conway,
Odlyzko and Sloane [6] proved the following:
Theorem 7.2 (Conway et al. [6]). The only extremal unimodular lattices are
Zn (16n67); E8; D+12; (E7 + E7)+; A+15; the shorter Leech lattice O23 and the Leech
lattice 24.
Since there are self-dual codes of length n67 (cf. [7]), these codes determine the
lattices Zn. In Theorem 7.2, the only even unimodular lattices are E8 and 24. Type
II codes corresponding to E8 and 24 were found in [1]. A Type I code correspond-
ing to O23 was also found in [1]. A cyclic Type I code of length 15 which deter-
mines the lattice A+15 was found in [15]. Thus the remaining lattices are D
+
12 and
(E7 + E7)+. However Lemma 4.1 shows that the Type I code K12 determines the lat-
tice D+12. Therefore it is sucient to nd a self-dual code of length 14 with minimum
Euclidean weight 8, corresponding to (E7 + E7)+.
Recently all self-dual codes of length up to 15 have been classied in [10]. The
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and its symmetrized weight enumerator is
sweC14 = Z
14 + 128Y 8Z6 + 1024Y 12Z2 + 768XY 8Z5 + 2048XY 12Z
+31X 2Z12 + 1920X 2Y 8Z4 + 1024X 2Y 12 + 72X 3Z11 + 2560X 3Y 8Z3
+ 285X 4Z10 + 1920X 4Y 8Z2 + 480X 5Z9 + 768X 5Y 8Z + 707X 6Z8
+ 128X 6Y 8 + 944X 7Z7 + 707X 8Z6 + 480X 9Z5 + 285X 10Z4
+ 72X 11Z3 + 31X 12Z2 + X 14:
Since the minimum Euclidean weight of the code is 8, the lattice is the unique
14-dimensional extremal unimodular lattice. Therefore we have the following:
Theorem 7.3. All the extremal unimodular lattices can be constructed from self-dual
codes over Z4 by Theorem 2:1.
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